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Abstract-Bianchi type-Il string cosmological models with bulk viscous fluid for massive string are investigated.

To obtain the determinate model of the universe, we assume that (i) o + 2 = 0, where p is the energy density and 4
is the string tension density (ii) relation between metric potentials A = aB". To obtain a more general solution, it
is also assumed that the coefficient of bulk viscosity (&) is a power function of the expansion scalar (6) i.e. £ =
kd", where k and m are positive constants. It is found that the power index m has significant influence on the
string model. There is a big-bang start in the model when m <1 but there is no big-bang start when m > 1.
Behaviour of the models in the presence and absence of bulk viscosity are discussed. The physical implications

of the models are also discussed in detail.
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1. INTRODUCTION

Cosmic strings play an important role in
study of the early universe. These strings
arise during the phase transition after the
big-bang explosion as the temperature goes
down some critical temperature as
predicted by grand unified theories (GUT)
(Kibble 1976, 1980; Zel'dovich 1975,
1980; Everett 1981; Vilenkin 1981, 1985).
It is believed that cosmic strings give rise
to density perturbations which lead to
formation of galaxies (Zel'dovich 1980).
These cosmic strings have stress energy
and couple to the gravitational field.
Therefore, it is interesting to study the
gravitational effect which arises from
strings. The general relativistic treatment
of strings has been initially given by
Letelier (1979, 1983) and Stachel (1980).
Letelier (1983) defined the massive strings

as the geometric strings (massless) with

particles attached along its extension. The
exact solutions of string cosmology for
Bianchi type II, VIO, VIII and IX space-
times have been studied by Krori et al.
(1990) and Wang (2003). Patel et al.
(1996) have investigated the integrability
of cosmic string in context of Bianchi
type-11, VIII and IX space-times. Roy and
Banerjee  (1995) dealt with LRS
cosmological models of Bianchi type-II
representing clouds of geometrical as well
as massive strings. Yadav et. al. (2012)
have studied Bianchi type-11 massive string
cosmological models with time-decaying
A term. Sharma and Singh (2014) have
investigated  Bianchi  type-1l  string
cosmological model with magnetic field in
f (R, T) gravity. Bianchi type-11 oscillating
string cosmological model in f (R, T)
gravity is investigated by Rao and
Prasanthi (2017). Recently, Mishra et al.
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(2019) has studied bulk viscous string
cosmological model in Saez-Ballester
theory of gravitation.

In most of the cosmological models matter
distribution in the universe is satisfactorily
described by a perfect fluid due to large-
scale distribution of galaxies in our
universe. However, a realistic treatment of
the problem requires the consideration of
material distribution other than the perfect
fluid. Cosmological models with bulk
viscosity are important since bulk viscosity
has a greater role in getting accelerated
expansion of the universe popularly known
as inflationary phase. It is well known that
at an early stage of universe when neutrino
decoupling occurred, the matter behaved
like a viscous fluid (Kolb and Turner
1990). Weinberg (1972) derived general
formulae for bulk and shear viscosity and
used these to evaluate the rate of
cosmological entropy production. He
deduce that the most general form of the
energy-momentum tensor, allowed by
rotational and space inversion invariance,

contains a bulk viscosity term proportional

2. THE METRIC AND FIELD EQUATIONS

to the volume expansion of the model.
Padmanabham et. al. (1987) also noted that
viscosity may be relevant for the future
evolution of the universe. Recently,
Avchar et al. (2021) has studies axially
symmetric bulk viscous cosmological
model in f (R, T) theory of gravity.

Bianchi  type-l1l  space-time has a
fundamental  role  in  constructing
cosmological  models  suitable  for
describing the early stages of evolution of
the universe. Asseo and Sol (1987)
emphasized the importance of Bianchi
type-11 universe. In present paper, we have
investigated ~ Bianchi  type-1l  string
cosmological models with time dependent
bulk viscosity coefficient. The paper is
organized as follows : The metric and field
equations are presented in Section 2. In
Section 3, we deal with exact solutions of
the field equations with cloud of strings. In
Section 4, we describe some physical and
geometrical properties of the model in the
presence and absence of bulk viscosity.

Finally conclusions are given in Section 5.

We consider the line element for an anisotropic and homogeneous Bianchi type-I1I metric,

given by

ds? = —dt? + A?(dx? +dz? )+ B?(dy — xdz 7, [1]

where the metric potentials A and B are functions of t only. The energy-momentum tensor for
bulk viscous string dust is given by Letelier (1983) and Landau & Lifshitz (1963) as

T) = pvv! —axx! - &, (gij +ViVj)’ 2]
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where v, and x, satisfy the condition
vV =—xx' =-1, vx' =0, [3]
p is the proper energy density for a cloud of string with particles attached to them, A is the

string tension density, v'is the four velocity of the particles, and x' is a unit space-like vector
representing the direction of string. If the particle density of the configuration is denoted by

P, then we have

p=p,+1. [4]
Einstein's field equations (in natural units 872G =1, ¢ =1) are given by

1

Rij—ER 9) =-TJ, [5]

where Rlis the Ricci tensor, R=g"R; is the Ricci scalar. In a co-moving co-ordinate
system, we have
v =(0,0,0,1), x =(A%,0,0,0). [6]

The Einstein's field equation (5) for Bianchi type-1l space-time (1) with energy- momentum
tensor (2) lead to the following system of equations :

A B AB B’
+

—+—+—+ =1+£0, 7
A B AB 4A° d 7]
A A 3B’
R o
A> _AB B’
_+2—— = ) 9
where @ =V = ALBY [10]
’ A B

Here, and in what follows, an over dot indicates ordinary differentiation with respect to t.
In order to obtain a more general solution, we assume (Wang 2005)
&=ko", [11]
where k and m are the positive constants.
3. SOLUTIONS OF THE FIELD EQUATIONS
Equations (7)- (9) and (11) are four independent equations in five unknown parameters

A B, 1, pand &. One additional constraint relating these parameters is required to obtain

explicit solutions of the system. We assume that the shear scalar (o) is proportional to the

expansion scalar (6), which leads to
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A=aB", [12]
where a is an integrating constant and n is a constant.
Substituting (12) into (10) and by using (11), we get

6 =(2n +1)§, [13]
B‘m+l

where K =k(2n+1)"".
To obtain the determinate model of the universe, we assume that the sum of rest energy
density and string tension density for cloud of string vanish (Reddy 2003, 2006; Mohanty
2007) i.e.
p+A=0. [15]

From equations (7), (9) and (15), we obtain

%+§+3%+%§=59. [16]
By using equations (12) and (14), equation (16) leads to

g+2n:—z:ﬁ :%j [17]

Let B = f(B) which implies that B = f%.

Hence equation (17) takes the form

dfszf

—+2n—= —. [18]
dB B (n+1) B"
Equation (18) can be rewritten as (for m = 1)
i(fl—m BZn(l—m)): (1_ m)K BZn(l—m)—m [19]
dB (n+1)
On Integrating (19), we obtain
1
fo9B_| KBED | genes O [20]
dt | (2n*+3n+1) ’

where L is an integrating constant.
With the help of equations (12) and (20), the line-element (1) reduces to

-2

2 KB®™ 2n(m-1) wm s 2p2n (o2 2 2 2
ds*=—| o+ LB dB? +a’B?"(dx? +dz? )+ B?(dy —xdz)?.  [21]
+3n+
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Under suitable transformation of coordinates, equation (21) takes the form

-2

2 KT & 2n(m-1) (1-m) 2 2 2n 2 2 2 2
s =—| oo LT dT2+a2T2(dx® +dz2 )+ T2(dy — xdz)’.  [22]
+3n+

In the absence of bulk viscosity K = 0, the metric (22) reduces to

2

ds? =— L™ T4 dT2+a’T?" (dx? +dz? )+ T2 (dy - xdz)?. [23]
4. SOME PHYSICAL AND GEOMETRICAL FEATURES

The rest energy density (p), the string tension density (1), the particle density p,, the scalar

of expansion (0) and the shear scalar (o) for the model (22) are given by

2

K (1-m) 1
=—A=n(n+2 —+LT(2n+l)(m—1) _ 24
P ( ){(an +3n+1) 4a°T 2(2n-1) [24]
2
(1-m) 1
=2nn+2) ——— 4T (2n+1)(m-1) S S o5
P ( ){(an +3n+1) 23T 421 [29]
.
o=(@n+D) % pens T [26]
(2n® +3n+1)
1
o= (=Y K + LT @rem1) (lfm), [27]
V3 | (2n* +3n+1)
5 — K K +LT (2n+1)(m-1) @, [28]
(2n+1)| (2n* +3n+1)

From equation (24) and (25), it is observed that the energy conditions p>0 and p, >0 are
satisfied in the presence of bulk viscosity for the model (22) when
2
ren K peraen (BT, 1 [29]
(2n% +3n+1) 4n(n+2)a*
Under the realistic condition (29), we observed that
A1<0, [30]
which shows that the string tension density is always negative. It is pointed out by Letelier

(1983) that A may be positive or negative. When A < 0, the string phase of the universe

disappears i.e. we have an anisotropic fluid of particles. It is seen that in the case m <1, the
expansion scalar @ tends to infinitely large and the energy density p — o when T — 0, but

both @ and p tend to a finite value when T — oo due to the presence of bulk viscosity. Hence
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the model represents on expanding universe with the big-bang start. However, in the case
m>1, it is observed that & -0 when T — oo, but @ tends to a finite value when T — 0 due
to the presence of bulk viscosity. Also, p—>o when T—>0 and p—>0when T — oo,

Therefore the model describes an expanding universe without the big-bang start. From the

above discussion, it is seen that the bulk viscosity plays a significant role in the evolution of

universe. Further more, since |im3¢0, provided n=1, the model does not approach

T 0
isotropy at any time.
In the absence of bulk viscosity i.e. when K =0, the physical and kinematical quantities for

the model (23) are given by

P L L LR - (31
L L - (22]
o1l [33]

1
where b= L&™.

In the absence of bulk viscosity, the energy conditions p>0and p, >0 are satisfied for the
model (23) when

T* < 4a’bn(n+2). [35]
The model (23) in the absence of bulk viscosity starts with a big-bang at T =0and the

expansion in the model decreases as time increases. Since IImg;tO, provided n=1, the
T

model does not approach isotropy at any time. There is a real physical singularity in the model
(23)at T =0.

In the special case m =1, equation (18) takes the form

a T, [36]
B B

2n> +2n-K
n+l1

where o =

On Integrating (36), we obtain
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f :d—B:MB‘“,
dt

[37]

where M is an integrating constant. In the same way as performed above, we can easily obtain

ds? =—M ?T2dT?+a’T 2n(dx2 + d22)+T 2(dy — xdz)’. [38]
p==i= n(%i)l!vl - 4a4T12<2”-1> ! [39]

A [40]
o= LM, [41]
o= % [42]
¢ = (Zrlfl)% [43]

The energy conditions p >0 and p, > 0 are satisfied when

L an(n+ i)a“M 2 4l

It is observed that the expansion scalar @ is infinitely large when T — 0and @ tends to zero

when T —ooprovided a+1>0. The energy density p —>oowhen T —0and p — Owhen

T — 0. Hence the model represents an expanding universe with a big-bang start. At the initial

epoch i.e. at T =0, the coefficient of bulk viscosity & is extremely large and it tends to zero

when T —oco. Furthermore, since !im%;to, provided n=1,the model does not approach

isotropy at any time.
5. CONCLUSIONS
In present work, we have studied Bianchi
type-11 string cosmological models based
on exact solutions of Einstein's field
bulk

viscosity in general theory of relativity.

equation with time dependent

We have investigated anisotropic Bianchi-
Il space-time with and without bulk
viscosity. To find a more general model we
of bulk

assume that the coefficient

viscosity & is the power function of the
expansion scalar 0 i.e. £=k@". It is found
that the power index m has significant
influence on the models of the universe.
There is a big-bang start in the model when
m <1but there is no big-bang start when
m>1. In the models given by m<1, the
coefficient of bulk viscosity & is extremely

large at initial epoch and tends to zero at
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late time (i.e. at present epoch), while in

the model given by m>1, the coefficient

of bulk viscosity starts off with a finite
value and tends to zero at present epoch. In
each of our model the string tension
density A always appeared with negative
value. Hence we would like to say that the
string phases switched off or disappeared.
The shear o in the models behave in a
similar way as that of expansion scalar 6

and the models start with highest shear and
end with shearless. Also, the ratio %;ﬁ 0,

when T — oo shows that our models never
approach isotropy at any time. Our models
are realistic and new to the others.
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